The Simplex Method

Recall: the Representation Theorem and the Fundamental
Theorem

Basics: basic solutions, basic feasible solutions, and
degenerate basic feasible solutions

lteration of the simplex method: the initial basic feasible
solution, the linear program in the nonbasic variable space,
the entering and leaving variables, the pivot

Termination: termination with optimality



Linear Programs and Extreme Points

e The Fundamental Theorem: given a linear program

max{c’x : Az < b}, if an optimal solution exists then
there is at least one optimal solution that occurs at an
extreme point of the feasible region

e |f the polyhedron of the feasible region X is bounded then
X can be written equivalently as a convex combination of its
extreme points x; (Minkowski-Weyl)

X ={{x: Az <b}=conv(x;:5€{1l,...,k})

e Recall: the convex combination

( k k )
conv(x;) = < w:m:Z)\jwj,Z)\j =1,\; >0,
\ g=1 g=1 y



Linear Programs and Extreme Points

e An equivalent linear program using the coefficients of the
convex combination A; as variables

a’ \

k
max < Z(CTCL‘]'))\]'ZZ)\]':L)\]' ZO \V/]E{l,,k'} >

\ J=1 J=1 y

e A solution is guaranteed to occur at an extreme point

T

Lopt — algimax C &I
CIJj:jE{l ..... k}
_ T
Zopt — 1MaX C &L
je{1,....k}

where z,,; denotes the optimal objective function value



Extreme Point Solutions: Example

e Consider the below set of constraints
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e Extreme points:
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Extreme Point Solutions: Example

e Let us maximize the objective function —4z; + x5

cley =[-4 1] U1 _ 0, c'wy =[—4 1] [O] = 2,

2

cles =[-4 1] = —4

0
:
4
e The solution is the extreme point that minimizes the scalar

product ¢’ x;

T 0
wj:jE{l ..... k‘}
Zopt = ~IMax cTar,"7 =2



Extreme Point Solutions: Example

If now the task is to maximize the objective function
—x1 + 325 then there is no bounded optimal solution

Since now there is a direction d and a feasible solution x
so that, starting from the point &, along the direction d we
can obtain arbitrarily large objective function values

That is, all solutions of the form xy + ud for any . > 0 are
feasible and improve the objective function value

For example, if d = E] and g = [i] , then the points

along theray « = [i] + 1 E] , i > 0 are all feasible and

the objective function value is ¢’ (zg + pud) = c'zy + pe’ d

Lemma: if dd, =, so that &y + ud, p > 0 is feasible and
c!'d > 0 then the optimal solution is unbounded



Basic Feasible Solutions

The notion of extreme points give a geometric interpretation
for the optimal solution of a linear program

In order to define systematic solver algorithm we need an
algebraic interpretation: basic feasible solutions

Consider a linear program whose the feasible region is
given by the polyhedron X = {x : Ax = b,x > 0}, where
A is an m X n matrix, b is a column m-vector, and x is a
column n-vector

Suppose that rank(A) = rank(A,b) = m

Reordering columns of A so that the first m columns are
linearly independent, we write A = |[B N | where
o B is an m x m quadratic nonsingular matrix, called the
basic matrix
o N is anm x (n —m) matrix, called the nonbasic matrix



Basic Feasible Solutions

LB
LN
basic variables (or dependent variables) that belong to the
columns of B, and x contains the nonbasic variables (or
independent variables) that belong to the columns of NV

Reorder x accordingly: © = [ ] , Where x g contains the

The constraint system in terms of the basis B

LB
LN

Az = |B N][ ]:BwB+N:BN:b

Since B is nonsingular, we can multiply with the inverse
B! from the left

rg+ B 'Nxx =B 'b



Basic Feasible Solutions

An explicit representation of the basic variables in the terms
of the nonbasic variables

rg =B 'b— B 'Nxn

Note that « y can be chosen arbitrarily!
Choosing xn = 0 gives the basic solution (in the basis B)

1

If in addition £ > 0 then what we have obtained is a basic
feasible solution

>0

—1




Basic Feasible Solutions

If all components of x g are strictly positive (xg > 0) then
Is a hondegenerate basic (feasible) solution, otherwise it
is a degenerate basic (feasible) solution

Basic feasible solutions are essential as these give the
algebraic interpretation for the geometric notion of extreme
points (which we know are key to solving linear programs)

Theorem: x is a basic feasible solution for the linear
program max{c'x : Az = b,z > 0} if and only if x is an
extreme point of the feasible region X = {x : Ax = b,

x >0}

If, in addition, x is also nondegenerate then it is generated
by a single basis

lterating along basic feasible solutions (i.e., extreme points)
we can solve a linear program to optimality: the simplex
method

—n. 10



Basic Feasible Solutions: Example

e Consider the feasible region

1T + X9 S 0
i) S 3
T, ro = 0

e This is in canonical form (“<” type constraints), we need to

convert to standard form (“=" type constraints)
e Introduce the slack variables x5 and x4

r4T + XI9 + I3 = 0
X9 + X4 = 3
Iy, L2, L3, L4 2 0

—n. 11



Basic Feasible Solutions: Example

e The matrix of the
constraint system
A = [al,ag,ag,a4] = A %,

1 1 I 0
0 I 0 1

[0 3] [33]" L2
|

e A is of full row rank so the
size of the basic matrix B
IS 2 x 2 and there can be

() of them - / 60

e Basic feasible solutions 5 A oS
are the ones for which B
IS nonsingular and

B 'b>0

—n. 12



Basic Feasible Solutions: Example

1. B=la; a3 = [ (1) ﬂ gives a basic feasible solution

oo [ f- |
- By -

2. B = [ ] gives a basic feasible solution

wB_[xJ wo-[ o 3]
o= (1] = [ cwomeson: 2] [}

—n. 13



Basic Feasible Solutions: Example

3. B=|ay a3| = [ 1 (1)] gives a basic feasible solution

- [a] o= (3 ][0
][, oxvome pin: ] = [1]

] IS not a feasible basis!

b E R B

_p 14



Basic Feasible Solutions: Example

5. B = a3 a,4]:[

1
0

1

] gives a basic feasible solution

[ 4L
[ ] (] euvame pore: 71 - [0

6. B=lar al=|

basic solution

] singular, does not generate a

—n. 15



Degenerate Basic Solutions: Example

A%
e Introduce a new ° 1
“redundant” constraint
4 1 X, <3

6+ @ <6 03] Ly e
X

L9 § 3 5 7*?,\55

rT -+ 256'2 S 9 9

1, ro > 0 [0 0] [6 01

2 4 6§X1

e The constraint system converted to standard form
introducing appropriate slack variables x3, x4, and x5

rK1 + X9 + X3 = 0
L9 + 24 = 3

ry -+ 2.I'2 + X5 9
0

IV

X1, X, xs, L4 X5

—n. 16



Degenerate Basic Solutions: Example

1] 1 1 0 0]
A =lai,as,a3,a4,a5l=] 0 1 0 1 0
1 2 0 0 1

e The basic feasible solution generated by the basic matrix

B = |ay, as, as] is degenerate
—1

(T | 1 1 1] 6 |
rp = |T2| = B_lb = 0 1 0 3| =
| L3 i 1 2 O_ _9_

"0 -2 1761 I3
0 1 0| [3]=]3]#0
1 1 —1] |9 0




Degenerate Basic Solutions: Example

e Similarly, B = |a1, as, a,| also generates a degenerate

basic feasible solution
- - —1

I1 1 1 0] 0 |
rp — |T2| = B_lb = 0 1 1 3| =
| L4 | i 1 2 O_ _9_

-2 0 —17[6] [3]
-1 0 1|]3|=13]| %0
1 1 —1] |9 0

_ |%s| — |V extreme point: |*!| = 3
CBN_$5_O’ p$2_3

e Two basic feasible solutions give the same extreme point

e In 2 dimensions extreme points are generated by 2
hyperplanes

e At the extreme point = | 3] three hyperplanes meet!



The Simplex Method

As shown, if a linear program is solvable then at least one
optimal solution is guaranteed to occur at an extreme point
of the feasible region

Extreme points correspond to basic feasible solutions

Unfortunately there can be (7’;) of these, cannot generate
all not even in moderate dimensions

The simplex method, starting from an initial basic feasible
solution, generates new basic feasible solutions iteratively

that improve the objective function value

In practice the simplex visits only a modest number of
extreme points to find the optimal solution or prove
unboundedness

—n. 19



The Simplex Method

Let A be an m x n matrix with rank(A) = rank(A, b) = m,

b be a column m-vector,  be a column n-vector, and ¢! be
a row n-vector, and consider the linear program

»=max clx
s.t. Ax =0
x >0

—1
Let B be an initial basis and x = [wB] = [B b
N 0

the basic feasible solution for B and write A = [B N
Write the linear program in the space of nonbasic variables

This way we obtain the explicit expression of the the basic
variables and the objective function value in terms of the
nonbasic variables

]20be

—n. 20



The Simplex Method

e The constraint system in the basis B:

Ax = [B N} [ZZ:B] :b, that is BmB—I—NCEN:b
N
rg=B 'b— B 'Nxn (*)

e Let /V denote the set of nonbasic variables and denote the
columns of the matrix B~'IN by y, for each j € N, and let

b=B'b
e The basic variables in the nonbasic variable space:

IrpB :E_Zijj

JEN

—n. 21



The Simplex Method

e Reorder the objective function so that the first m coefficients
belong to the basic variables and the remaining n — m

variables to the nonbasic variables: ¢! = [cg! cn!]
e Substituting (*):

LB
z=cx= [CBT CNT] [w ] —cg'xp+en' TN =
N

CBT(B_lb — B_lNLL'N) -+ CNTCE‘N —
CBTB_lb -+ (CNT — CBTB_lN).CEN

o Let 2y = cg’ B~!b and denote the components of
cnl —cg’B "N by z; foreach j € N

Z = Zp+ g 2iZ

JjeEN

—n. 22



The Simplex Method

e Theorem: the linear program in the nonbasic variable
space is given by

max 2o T Z]EN 2T

S.T. rp — b— ZjEN ’ijCj
LB, LN Z 0

where

O

O

O

N denotes the set of nonbasic variables

b= B 'b

y . denotes the column of the matrix B~* N that belongs
to the j-th nonbasic variable

20 = CBTB_lb — CBTI_)

z; is the component of the row vector eyl —egTB™IN
that belongs to the j-th nonbasic variable

—n. 23



The Simplex Method: Example

e Consider the linear program

max i1 -+ I

st. x1 + 2z, < 4
T S 1
X1, rg 2> 0

e Introducing slack variables and converting to standard form:

max[l 1 0 O]ZIZ

bt -]

X1,T2, X3, T4 Z O

—n. 24



The Simplex Method: Example

e Let B = [as,a3],then B ={2,3}, N ={1,4}

2 1] Lo, o1 10



The Simplex Method: Example

e The linear program in the nonbasic variable space:
max 1+ X1 — T4

=B [l

X1,L2, X3, L4 2 O

A x The basic feasible solution
generated by the current basis

matrix B:

—n. 26



The Simplex Method: Pivot

e The linear program in the nonbasic variable space:

max 2o T Z]EN 2T

s.t. g =0b— ZJEN YT,
LB, LN 2 0

LB

e Since [
LN

] IS a basic solution we have xn = 0

e The importance of the above form is that it specifies
o the value of the objective function 2, and the basic
variables £z = b in the current basis, and

o the way basic variables and the objective function would
change if we started to increase some nonbasic variable
from zero

—n. 27



The Pivot: Example

max 1+ — 24
¢ To| 1 0 1 2
U] 2] T 2 %01%' =
>0 | ‘ > X
L1,X2,T3,XTq4 = " ;\ 6> 1

e Forinstance, if we increased x4 from zero to 1 while leaving
x1 unchanged at 0

o the objective function value would decrease from 1 to

zeroas z, = —1
o x5 would decrease from 1 to zero since y94 = 1
o x3 would increase from 2to 4 as y34 = —2

e It is not worth increasing x4 as this would reduce the
objective function value!

—n. 28



The Pivot: Example

max 1421 — 24
To| 1 0 1 2
S.t. 2 = 2| 7 |1 L1 — _9 L4 |_07[0 1%. X, =1
X1,T2, X3, T4 Z O ‘ ‘ |

e If we increased other nonbasic variable, x{, from zero to 1
o the objective function would grow from 1to 2 by z; =1
o x9 would not change since y5; =0
o xzwouldfallfrom2tolasys; =1

e Worth increasing x; as this increases the objective function!
e Increase x; until some basic variable becomes negative
e For xy = 2, x3 changes to 0 and negative for any z; > 2

—n. 29



The Simplex Method: Pivot

e Consider the nonbasic variable x; whose expansion would
produce the largest gain in the objective function value

k = argmax z;
JEN

e Fix every other nonbasic variable at zero and increase xy,

z = 2o + 2Tk
L By [_?1 Y1k
T B, by Yok

XB,, bm Ymk

—n. 30



The Simplex Method: Pivot

Nonbasic variable x;, can be increased until some basic
variable drops to zero

Let z; : © € B some basic variable for which v, > 0

Increasing the nonbasic variable z;., x; iIs nonnegative as
long as

0 <z = by — yinTi
b;
Yik

T <

The first basic variable x, that drops to zero:

r = argmin < — : Y;x > 0
ic{l,...m} | Yik



The Simplex Method: Pivot

Let the current basis be nongenenerate (b > 0) and
assumethatdk e N : 2z, >0and di € B : y;. > 0

b;
Let £ = argmax z; and r = argmin {— FYik > O}
JEN i€B Yik

Increasing xz;, from zero to 2=

rk

Z:ZO—FZkyBT—Tk
xk:;—rk>0,:€r20
:CBi:Ei—;{—"ZET i € B\ {r}

;=0 j € N\A{k}

The objective function value grows, i.e., z > z, as zk;—; > ()
T

—n. 32



The Simplex Method: Pivot

This transformation is called the pivot, during which

o the nonbasic variable x; increases from zero and enters
the basis

o the basic variable x,. drops to zero and leaves the basis
o all remaining nonbasic variables remain zero and all
remaining basic variables remain nonnegative
Theorem: the pivot results a new basic feasible solution

The proof (omitted here) would go by observing that it is
enough to show that the new basis is nonsingular, since all
variables remain nonnegative duting the pivot

Then using a basic result from linear algebra to show that
this is guaranteed by the choice for r:

b;
T = argmin {— P Yik > O}
ie{l,...m} Yik

—n. 33



The Pivot: Example

max 1—|—5171—ZE4

I H R R

X1,T2, X3, T4 Z O

e 1, enters the basis since

71 =maxz; = max{l,—1} =1

jEN

e 13 leaves the basis as
b
Y31

= min

1€B Yik

bi
{— L Yik > O} = min{2} = 2

1>x1

—n. 34



The Pivot: Example

The new point obtained after

the pivot:

k=1,r=3

B =1{1,2}, N ={3,4}

z:zo+zk;—rk:1+2:3
br

L1 — =2
yrk

xgzbg—zz—zggzl—ozl
Igzgg—zg—zggzz—zz()
513420

r=1[2 1 0 0

(1011

[2 1]

—n. 35



The Pivot: Example

B={12},N={34}, ,4x%

1 0O
b b
2 2 1]
[O 1] | !
=1 1],en® =10 0] ; ) 6> X,

e The linear program in the new basis:

max 3— X3+ T4

][
S.T. o = 1 0 X3 1 L4
L1, L2, L3, L4 2 0

—n. 36



The Simplex Method: Optimality

Recall: the pivot rules
o x can enter the basis if z, > 0

b
o x, leaves the basis if r = argmin {— L Yik > O}
; Yik

If for all 7 € N : z; < 0 holds then it is not worth increasing

any of the nonbasic variables, since the objective function
value could not be increased this way

Theorem: the optimality condition for the simplex method
\V/j - N : Zj S 0
Proof: if for some basic feasible solution  we have

Vj € N :z; <0,then x is a local optimum

Since the feasible region is convex and the objective
function is concave, x is also a global optimum []

—n. 37



Termination with Optimality: Example

e Continuing with our running example, in the current basis:
max 3— X3+ X4
r| 2] |1 |2
L1, 2,3, L4 Z 0

e This basic feasible solution is not optimal since z, > 0

e Correspondingly, in the next pivot
o x4 enters the basis, and
o x9 leaves the basis because

_ ;
b :min{— L Yia > 0} =min{l} =1

Y24 €B | Yig

—n. 38



Termination with Optimality: Example

e The linear program in the new basis:

B={1,4,N={23},eg’ =1

ooy - o]

e [he basic feasible solution x =
[4 0 0 1] is optimal

max 4 — 19 — 13

0]7 CN

1 0
0 1

"= o

|

[2 11

o ][l

X1,T2,X3, T4 Z O

,\\'[4 O]T
1 B
2 4 6

—n. 39
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The Simplex Method: Geometry




Termination in a Unique Optimum

Definition: the feasible solution & to the linear program
max{c’x : Ax = b, x > 0} is a unique optimal solution
if for each x # T feasible solution 'z < ¢!z

Theorem: the basic feasible solution & is a unique optimal
solutionif Vj € N : z; <0

Proof: let « be any feasible solution different from & and let
the corresponding objective function value be z

Let IV denote the set of nonbasic variables corresponding to

x, then
Z = 20 -+ E Zj[l?j
JEN

We observe that there is j € /N so that z; > 0 (otherwise
x ==x)andfromVj € N :z; <Oitfollowsthat z <z [

—n. 41



Unique Optimum: Example

e Consider the basic feasible solutonz =[4 0 0 1] for
the running example

B={1,4},N = {2,3)

Cfro] o [21] o0 10
R R [

cg' =[1 0,eny’ =[1 0]

\A X
max 4 — x9 — 13 N

A Fi e R

> \
1 1» X1

o 25 <0, 23 < 0: x is unique optimum 2



Termination with Alternative Optima

e Suppose that & is an optimal basic feasible solution (i.e.,
Vj € N :z; <0), but there is a nonbasic variable, say, k,
for which the optimality condition holds with equality: z, = 0

e If T is nondegenerate then x;. can be increased from zero
by some ¢ > 0 small enugh so that no basic variable
becomes negative

Z :Zo+2k$k220—|—03§k
_$Bl— by ] Yk |
= | = | : | %k
_me_ _Bm_ _ymk_

e Any choice 0 < z;, < € yields alternative optimal solutions
since the objective function value does not change due to
Rl — 0

—n. 43



Termination with Alternative Optima

e The linear program as the function of the nonbasic variable
xy, let z;, = 0 and all other z; < 0

max 2o + OZCk

s.t. @ = [wB] =
LN

x>0

where, as usual, y, is the column of B~ N that belongs to
k and ey, is the k-th canonical unit vector

e \We obtain alternative optimal as longas g > 0

_ b Yk - B’i. |
w—[O]+)\[ek] OSAS%Q{%-%k>O}

_p 44



Alternative Optima: Example

e Consider the linear program

max 2xr; + 4x-

st. x1 + 22, < 4
—r1 + w2 < 1
X1, L2, Z 0

e Introducing slack variables to convert to standard form:

max 2r; + 4xo

S.t. T1 -+ 2372 + X3 = 4
—T1 + X9 + x4 = 1
Iy, L2, L3, L4 Z 0

—n. 45



Alternative Optima: Example

e Choose the basisas B = [a; a4] = [ : O],

—1 1
o [1o

e The corresponding basic feasible solution

25— b— H =B7b= E ?] H ) H

—n. 46



Alternative Optima: Example

e The parameters corresponding to this basis

CBT:[Q O:,CNT:[ZL O]
o J1roolf2 1] [2 1
S I

- 4
<0 — CB b:[2 O] 5]:8




Alternative Optima: Example

e The linear program in the nonbasic variable space:

max 8+ 0xy9 — 223

¢ 1| 4 B 2 o 1 .
S.U. T = 5 3 To 1 3
L1, X2, L3, L4 2 0

e Alternative optimal solutions:

X, L,\
— P niN
0 TN 1 0<)\< 5B [2/35/3]T/\
0 O] — 3

5. =) [02”T

e All convex combinations of the \

points [4 0]" and [ 2]” oo 2 ‘o
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